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Section I

10 marks

Attempt Questions 1-10.

Allow approximately 15 minutes for this section.

Write your answers on the multiple-choice answer sheet provided.

1. A complex number z is defined such that |z — 1 + 2i| = 1. Which of the following is the maximum

modulus of z?
(A)2v2
B)V5+1
©)V5
D)2v2 +1

2. Which of the following is the magnitude of the vector cos 6 { +sin6 j + tan 6 k,
where 0 < 6 < g ?
A1
(B) cosec 8
(C)cotb
(D)sec8

3. Suppose John found a raven, and it was black. Which of the following must be false?
(A)“There exist non-black ravens as well as black ravens.”
(B) “There exist non-black ravens.”
(C) “All ravens are black.”
(D) None of the above.

4. The points A, B and C are collinear where

—

OA=i+j OB=2—j+k  OC=3i+aj+bk
Which of the following are the values of a and b?
(A)a=-3, b=-2
B)a=3, b=-2
Ca=-3,b=2
D)a=3,b=2
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5. Letz = v/3 + i. Which of the following gives the geometric effect of multiplying the complex
number w by g ?
(A)w is rotated anticlockwise by an angle of %
(B) w is rotated anticlockwise by an angle of 2?”
(C)w is rotated clockwise by an angle of g

(D)w is rotated clockwise by an angle of 2?”

6. Let A and B be true statements such that A = B. Which of the following statements is necessarily false?

(A)~B = ~A

(B) A and ~B
(C)Aor~B

(D) None of the above.

7. ltis given that z = 1 + i is aroot of z3 + bz? + 6z — 4 = 0, where b is a real number.
Which of the following is the value of b?
(A)—4
(B)4
©)2
(D)2
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8. The diagram shows ball A being dropped from rest at time t = 0
seconds from a tower of height h metres. At the same instant, ball B is
launched upward from the ground with initial speed v,. If air
resistance is negligible, and assuming all measurements are with
respect to the centre of mass of each object, which of the following
gives the best approximation for the time at which the balls pass each

other?

2h

(A)

® "

Vo

©

21]0

(D)

9. The diagram below shows a block at rest on a plane that is inclined at an angle of measure 6. The
forces acting on the mass are gravitational, normal and frictional forces, as indicated. The forces are

NOT depicted to scale. Which of the following statements is always true?

(A)N <mg, Ff <mg
(B)N =mg, Ff <mg
(CO)N <mg, Ff 2mg
(D)None of the above.
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10. Consider the integral

x2-3x )
f et” dt
-3

where x is a variable limit. Which of the following values of x minimises the integral?

#)3

(B)2
(©?2

(D) None of the above.

Section II begins on the next page.
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Section 11

90 marks

Attempt Questions 11-15.

Allow approximately 2 hours and 45 minutes for this section.

Start each question on a new page. Extra paper is available.

In Questions 11-15, your responses should include relevant mathematical reasoning and/or calculations.

Question 11 (18 marks) Start a new page.
(a) Consider the complex numbers a = 3 — 5i and b = 2 + 3i. Evaluate a — b. 1
(b) Solve for z € C, 3
z2+27+3=0

(¢) Use the substitution u = tan x to evaluate 3
s

4
f tan? x sec* x dx
0

(d) By using an appropriate substitution, find 2

fx3\/1 + x2 dx

(e) Letn € Z withn = 0. Define

Vs
I, = f x"sinx dx
0

(i)  Show that

3
I, =n"—nn—-1I,_,
(i) Hence evaluate 2
s
f x® sinx dx
0
leaving your answer in exact form.
(f) A particle has velocity equation
X% =4x — x?
(i)  Show that the particle is undergoing simple harmonic motion. 1
(i)  Find the centre of motion, amplitude and period of the motion.
(iii) If the displacement is x = 4 at time t = 0, find the displacement x as a function 1
of time t.
6
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Question 12 (18 marks) Start a new page.

(a) On an Argand diagram, sketch the region representing the set of all z satisfying 2 < |z| <4 3

and% <arg(z) < g, showing the coordinates of any vertices.

(b) Ifg,b and ¢ are unit vectors such that @ + b + ¢ = 0, find the valueof ¢ b+ b-c+ ¢ - a. 2

(c) A sphere §;, with centre C(2, 2, 2) passes through the point A(4, 4, 4).

(i)  Find the Cartesian equation of §;. 2
(i) A second sphere S, has equation (x — 2)? + (y — 2)2 + (z — 5)? = 1. Find the 2

equation of the circle in which §; and §, intersect.

(d) (i) Show that a? + b? > 2ab. 1

(i1)) Hence or otherwise, show that for all positive numbers a, b and c, 2
2(a®+ b3+ c3) =ab(a+b)+bc(b+c)+ca(c+a)

(e) Suppose a particle is moving horizontally, measured by a coordinate system. Initially, the
particle is at the origin O and moving with velocity 2 ms™1. The acceleration of the particle is

given by ¥ = x — 2 where x is its displacement in metres at time ¢, measured in seconds.

(i)  Show that the velocity of the particle is given by x% = (x — 2)2. 2

(i) Explain why 0 < x < 2 for all t € [0, o) and hence show that x = 2 — x. 2

(i) Find an expression for x as a function of t. 2
7
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Question 13 (18 marks) Start a new page.

(a) Let ABC be a triangle and let M be the midpoint of BC. Squares ABPQ and ACRS are erected

on sides AB and AC as shown in the diagram below. Prove, using vector methods, that |Q—S>|

2|AM|.

1 1
(b) Consider the two perpendicular vectors u = (2) andv = (—2).

(i)  Find the unit vectors @ and 7.

(i) Find a unit vector W that is perpendicular to both y and v.

(iii) Let the vector x = ail + bD + cw where a, b, ¢ are scalar constants. If |x| = 1,
prove that a® + b% + ¢% = 1.

(iv) Leta, S and y be the measure of the angles between @ and x, ¥ and x, W and x

respectively. Prove that cosa + cosf +cosy =a+ b + c.

(c) (i) Given w is a non-real root of x3 — 1 = 0, show that w is also a root of x2 + x + 1 = 0.
(i) Hence prove by contradiction that (x 4+ 1)2™ + x2™ + 1 is not divisible by

(x? + x + 1) if n is divisible by 3, where x is non-real.

(d) Prove by mathematical induction that

in2 )

1

—+cosfO +cos20 + -+ cos(n—1)0 =

2 . 0
251n7

foralln = 2,n € Zand 6 + 2km forall k € Z.

8
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Question 14 (18 marks) Start a new page.

A -\
A7 N
Nl N
(a) Let OABC be a convex quadrilateral where the vectors Nl ew M- '
ﬁ, AB,BC and CO correspond to 2a, 2b, 2c and [T \\ v\ >
2d respectively, where a, b, ¢, d € C. K 0 ‘l
I" °Z B ‘— 7
The centres of the squares erected on each side ! N
- \
of OABC are W,X,Y and Z as showninthe @ “~=<_._ AN
diagram. Co, oY \:\
NOT to scale. %, s
\\ ,,/
A e
\’
(i)  Show that X is represented by the complex number 2a + b + ib. 2
(ii)) Show that the line segments WY and XZ are equal in length and perpendicular. 3
(b) Consider the following number sequence given by: 4
a, =0
1+a,1
a,=——forn€zZn=?2
2+a,_4
Prove, by mathematical induction, that a,,_; < a,, for all integers n > 2.
(c) (i) Prove, by the method of partial fractions, that 2
1 1 X
x(1+x2) x 1+4+x2
(ii)) Hence, or otherwise, use integration by parts to find 2
tan~1x
f —dx
X
(d) (i) Show that, for x € R such that |x| < 1, 1
n
1 —1 n+1xn+1
N -y = - 0
1+x 1+x
k=0
(il))  Prove that 2
0 1 xn+1 J 1
< <
- L 1+x x= n+ 2
(iii)) By integrating part (i) and using the result in part (ii), show that 2
n
—1k
lim 1) =1In2
n—oo 1
k=0
9
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Question 15 (18 marks) Start a new page.

(@) (i) The equation (z + i)’ + (z — i)” = 0 can be shown to have solutions satisfying 1

: 2m+1_ .
Eoe T ™ (do NOT prove this). Write down the set of values for m such that

z—1

2m+1

the equation has unique solutions where ( ) w € (—m, ).

02041 ¢if1e-i0

—@; = - » Show that the solutions of (z + )"+ (z—1i)” =0canbe

(i)  Given that

93]

. 2m+1
written as z = cot (T—: n) for these values of m.

(iii)) Using the binomial theorem, or otherwise, show that the non-zero roots of 2
(z+ )" + (z—i)” = 0 are the roots of z® — 21z* + 35z2 — 7 = 0.
(iv) Hence show that 2

(b) A projectile of mass m is fired vertically upwards into a resistive medium, under the effect of
gravity, with an initial velocity u. After reaching its maximum height H, it freefalls back to
the ground, vertically. The object experiences a resistive force kv?, when travelling in both
directions, where v is the speed of the object and k is a positive constant.

The equation of motion for the object in freefall is given by mv = mg — kv?.

(i)  Show that the terminal velocity v, that the object experiences when falling is

(i1))  Show that the time T at which the maximum height is reached is

v u
T =—tan™! (—)
g Uy

(i) Show that the maximum height H is given by 3

g=Yn(1+%
"2 v2

(iv) Hence show that the speed W on impact with the ground is

END OF EXAMINATION
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Multiple Choice Answers

Question 1
This represents a circle in the complex plane with centre at (1, —2) and radius 1.

The maximum distance from the origin to any point on the circle is the distance from the origin to
the centre plus the radius.

1. Distance from origin to centre (1, —2):

2. Maximum modulus of z:

Answer: (B)

Question 2

The magnitude of the vector is calculated as:

V/(cos0)2 + (sin )2 + (tan 9)2
Simplifying:

\/cos2 0 + sin2 6 +

2
sin” 0 =1+ tan?0
0

cos2 §

Using the identity 1 + tan® 6 = sec? 6:

Vsec? ) = sec
Answer: (D)

Question 3

(C) ”All ravens are black.” must be false because the existence of even one non-black raven disproves
this statement.

Answer: (C)

Question 4

Let’s verify the collinearity of points A, B, and C for the different values of a and b given in the
options. For each option, the point C' is given as O? = 3i + aj + bk.

We want to check if vectors ﬁ and ﬁ are collinear, i.e., if one is a scalar multiple of the other.

1. Vector ﬁ:

AB=0B-0A=(2i—j+k) —(i+j)=i-2+k

2. Vector 1@ :

AC = OC — OA = (3i+aj + bk) — (i+j) = 2i + (a — 1)j + bk



Now, for collinearity, 1@ = )\1@ implies:
2i+ (a—1)j+ bk =A1i—2j+k)

Equating components, we get:

S2=X-1
—a—1=X-(-2)
-b=AX-1

Solving these equations:

- From 2 = A\, we get A = 2.
- For a — 1 = =2\, substituting A = 2, we have a — 1 = —4, so a = —3.

- For b = )\, substituting A = 2, we have b = 2.

Thus, the correct values of a and b for the vectors to be collinear are a = —3 and b = 2.

Answer: (C)

Question 5

1. Calculate z:

2. Calculate ~:
z

CVB—i (W3- 3-2VBi—1 2-2V3i 1-—/3i
V3+i  (V3)2+1 4 4 2

ISENIRNY]

3. Effect on w:
. z, .
Since — is a complex rotation, calculate the argument:

Argument = —g

Answer: (C)

Question 6
- (A) ~ B =~ A is the contrapositive and is always true.

- (B) A and ~ B is false since A = B implies B is true if A is true.

Answer: (B)



Question 7

1. Substitute z = 1 4+ 4 in the polynomial:

(1+4)2+b(1+i)? +6(1+i)—4=0
2. Calculate powers:
-1+ =142i-1=2i- (1+i)}=(1+i)(2%) =2i—2=—-2+2i
3. Substitute back:

(—24+2i)4+b(21)+6+6i—4=0
4. Separate real and imaginary parts:

- Real: —2+6-4=0
- Imaginary: 2+2bi4+6i =0—b=—4

Answer: (A)

Question 8
For object A:

1
h — 59752 = height of B
For object B:

1
vot — §gt2 = height of A
Setting both heights equal:

h = vot =t = ﬁ
Answer: (B)

Question 9

The normal force N and frictional force Fy are dependent on the weight component perpendicular
and parallel to the plane:

- N =mgcost < myg
- Fy < psN <mgsinf
Answer: (A)

Question 10
To minimize the integral, differentiate and find critical points.

2

flx) = /x o el dt

-3
Using the Fundamental Theorem of Calculus:

f(w) = e 7307 (22— 3)
Setting f'(z) = 0:

3
2w—3:0:>x:§

Answer: (B)



Extension 2, Task 4 (Trial), 2024: Question 11
Suggested Solutions Marks Marker’s Comments
{ f = 3-5¢ d b= 2+3<
Qi @& If o f 5 a-‘r\ , i Correct Amsare
Fien bo=2-20 o6nd a- b =1~ 2¢
(v) I+ 2*422+3=0, dob 2= a+be 2
. 2 .
ie; (a+bi) +.1(a_,-—_bi.)+3 =0
e rtGan ;r\j Wwe have
a 2eda-b &+ 24(e - t)i = ~3+0¢
; ~ts
2?Ua-‘1n\j Pea' C\v\cl tmoaenmﬂj pﬂ\
O\.l-?-lcx-b}:—j
2b(a-V) =0
o b=o0,a =1
hew b=0 4>+ 24+3=0
h=-%840
6 Sicce QC‘(R/’. re_\"ec“ b=0Q
whon o= | L = 6
e b = flé
a\.\o\ zT = {-.[:JTD_U\
Aw EC'UGs ng reol and 'f"‘(‘(jl“m“’ F0~°+—\
Aw 2 Seivin for a ard b _E“Ct"d;'\ﬂ
rgason:.’\j as o wla\-’ lh =& ts
Fc,jec."'ct\
ANZ bhove ot Qc(u‘kow\
20, m=0 .
() Lt an=4anx . At osed T o
(’) i > x:_?:_;’_,bl,:: 3 A\_,:.] correct é\
¥ | ; NP x
J'o*‘f'qu—x ;ec¢xdx ‘f’ﬂﬂn"x.-f-l: seevx and new | ’:s . ,
"t w - ety o= sede Al - (et tnteyrs
:\/OA(M*{)M in-l'e:-msqﬁ,u.‘j
- iX
= <= Au. aereet
: S e




Extension 2, Task 4 (Trial), 2024: Question 11

Suggested Solutions

Marks

Marker’s Comments

(&) [ Mrarede = 45> D =

duw = 2x< dx
s
= _éfcu-fl),u,"atu
. i
= La¥_ Lt
5 5,3

doCrex ) L+ 37) e C
L (o) L )

Awt. Correct
in"'e‘j-a' P

ferms o# AL -
Aur. Comrecd

Vs Wa i ™ v o (‘n
+e s 0[’ X .

L e

--m(""“)‘é o st dx

1
!
. g
T o= e (n1) Ty

AWI (dt"re C'" 'Pl‘-"_r" &Pph Ca\*\'a"’ '-"4:
f/\'l'?r-a\"'\'d\f\ L'j PO\'"+5 .

T
Kl Fvalsate ,uv"jo a~d  comeet
Second a‘th:cQHm aF' ;’"-’“-63'.'“0\"';04‘\
197 Pd“'—"’).

AWZ Arr}\{e, cL‘l‘ Ir\ LG""’CU”7 s

i
vV = (el X

> \/-;Sl‘hy_




Extension 2, Task 4 {Trial), 2024: Questlon 11

Suggested Solutions

Marks Marker’s Comments

(e)ti‘) J,n = Tr ”“(."\"i):':n-\,

._T-:g = be-— G'Y’Iq, :f:;\n:k.cl)(
o
I‘P T'?T..F""[”}'Ii— = ""(ﬁ}?..]‘:‘
Il'::ﬂ—l-—lf Te =‘l--(-t)
=2
. 6
Iy = o (¥ 1 (7= 2x3))

= 77 zew¥ 4 2O ¥ 40

2| Aui Io=2
A

(,QrHc:l O N2

whick T8 e
b,(i‘\l\‘-"f\ 0

-F‘br-m )Ci ":’-’h." ()(—"’(Q.)
SI\N\P'L hoasanprtc V“Q',\‘M

@)G) PRI Al
4o ax -Lx ormv e o forwm
" e x*) 3 = b (x-%a)
x = £ (3
= 2 = >
— (=)

B By inspeskion,
entn u{" moten 18 X =2

— ﬂ‘_.__

)
i ot evdpetaty x =
L. g x - =2
x =0,¢
Amﬁl‘.-l—uc\e =%-% =2

A (verect
Mo and T

A2 (ostet
. XDT O‘\"‘c\ O\MP(:.‘-‘JCI(
T o~d

(“P)(“.‘“) SNH - )= ASia (m)’t—i-o()"fc

bhon t-o x =l ¥ =25n ) 1
e XoFlpz2 = ~. o =10

P
Sz 2sin(A+ID) R
= 2.0“;6 + A

C,QN-(L"‘
A s er

Awl,




Extension 2, Trial HSC, 2024: Question 12

Suggested Solutions Marks Marker’s Comments
(a) We are looking for the locus:
zecz<lzl<#in{zec|g<argz) <3}
and are required to determine all vertices.
The locus is
Im(z) % One mark for correct moduli
‘_.-‘ and arguments.
One mark for correct
3 boundaries of region +

The points of intersection are, with respect to the diagram:
/[
24 = 2exp(i§) =1+iV3 - (1,V3)
75 =22, =2+2iV3 - (2,2V3)

zc = 4exp(i%) =2v3+2i - (2v3,2)

1
ZD=§ZC=\/§+1' - (/3,1

shading.

One mark for all vertices.




)

(b) We have g, b, ¢ unit vectors such thatg + b + ¢ =

Consider then:
(@g+b+¢c)-(a+b+¢c)=0-0

2

The distributive properties of the dot product have that every term in the
sum g + b + ¢ forms an inner product with every term in the second
bracket. Hence

(@+b+¢)-(g+b+c)=a-g+a-b+a-c
+b-a+b-b+b-c
+tc¢-atc-b+c-c

=a’?+b*+c*+2(a-b+a-c+b-¢)

=14+14+14+2(a-b+a-c+b-¢c) (sinceeach vectoris unital)
=3+2(g-b+a-¢c+b-¢)

But(@a+b+¢)-(a+b+¢)=0-0=0%=0.Hence

0=3+2(a-b+a-c+b-¢)

which means

(c)

(1) The sphere S; has centre C(2,2,2) and passes through the point
A(4,4,4). We want the Cartesian equation of S;.

We can find this using the Cartesian form directly, or by using the vector
form.
We will do this first with Cartesian form: The sphere S; is the locus of
all points from the point C having distance AC; that is,

Si:(x—=22+(y—-2)2+(@=Z—-2) 2 =AC*=304-2)*=12
So

Si:(x=2)+(y—-2)2+(=z-2)* =12

Otherwise, we may use the vector representation: Form the position
vector

OR =0C +CA

So, OR here maps from the origin of the coordinate system to the point A
on the sphere. Then we have

—

OR—-0C=CA

Note: Many students made
the problem more
complicated by appealing to
vector geometry in lieu of
using the algebraic
properties of the dot
product. This meant
increased rate of error and
complication.

First mark for logical move,
either using dot product
directly or vector geometry.

Second mark for correct
conclusion.

Part (i) could be handled
from either Cartesian or
vector standpoints.

Cartesian: First mark for
knowledge of equation for
sphere. Second mark for
correct equation (i.e.
determining the correct
centre and radius).

Vector: First mark for
correct quotation of vector
form of a sphere. Second
mark for correct application
and final equation.




x—0] [2—-0] [4-2
=|y-0|-|2-0|=]4-2
z—0l l2—o0l l4a-2

and we want all components x, y, z such that

b=:]- I

which yields an equivalent expression.

=22 +22+22 =412

(i) Let S, = (x — 2)? + (y — 2)?> + (z — 5)? = 1. The circle of
intersection is all (x,y,z) € S; N S, at a given fixed z (else we have a
cylinder).

Since we have intersection iff x, y, z are common to both spheres, we
have that

1—(z—-5)2=12—-(z—2)?
which gives z = 16/3.

Then, in either S; or S, (choose S, WLOG), we have that

2

(x—@2+@—zy+G§—s)=1

or equivalently,
(x—2)2+(y—2)=8/9

The circle of intersection in R3 is therefore

c: {(x, ¥,16/3) € R3|(x —2)2 + (y — 2)% = 3}

First mark for correct move
in solving simultaneously.

Second mark for correct
equation.

It was not required that
students state z = 8/9
alongside the equation as
part of the solution since
this (we will argue) can be
implied from the calculation
required to get to this point.

But it should be noted: In 3-
space,
(x—2)+(@-2)?%=2
alone means the set of all
triples (x, y, z) € R® such
that

-2+ (-2 =7

for all z € R. This would
produce a circular cylinder.
That cylinder’s boundary at
z = 16/3 would coincide
with the circle of
intersection of §; and §,.




(d) (1) Consider
(a=b)?>=>0
S a?—2ab+b*=0
o a? + b? = 2ab
(i1)
a’? + b? > 2ab (By result in (i))
(a? + b*)(a + b) = 2ab(a + b)
a® + a’b + b%a + b® = 2a®b + 2ab?
a®+ b3 =a’b +ab?..(1)

Cyclic permutation of a = b - c gives similarly:

b3 +c3® = b%*c+ bc? ..(2)
c3+ad=c?a+ca® ...(3)

Add inequations (1) to (3):
2(a® + b3+ ¢3) = a?b + ab? + b%c + bc? + c?a + ca?
>ab(a+b)+ bc(b+c)+ca(c+a)

as required.

(e) We have the initial conditions: x = 0,x = 2.
(1) From the equation of motion,

. d (1 ,2> ) 1, 1( 2)2+C
= — - = —_ - — = - —_ —_
R TAVI e 2t T2V 2

Then

2=x-2)?2%+¢C
From the initial conditions, we evaluate: 4 =44+ C —» C = 0.
So, the speed is given by the relation:

x? = (x —2)?

Only one mark available.

First mark for logical use of
the result in part (i).

Second mark for correct
conclusion.

If a candidate did not use
the result in (i) at any stage,
but proved the result, max.
award was 1 (the question
states ‘Hence’ as part of the
requirement).

If students used off-syllabus
results without proof, max.
award was 1 (e.g. using 3-
case for AM-GM without

proof).

First mark for general
solution to differential
equation.

Second mark for
specialising solution via
boundary condition.




2 and initial

(ii) The initial acceleration is ¥(0) =0 — 2 = —2 ms~
velocity is 2 ms™1. Hence, we move into the positive regime of the

coordinate system with respect to displacement x. As x — 27, we see

e X250=x-0

e -0

So, as we approach 2 from the left (i.e. x = 27), both the
acceleration and speed go to zero. If there is no acceleration, velocity
can’t change. Since the velocity is positive but approaching zero as
acceleration approaches zero, the particle sees 2 as a limiting

position. That is, as t = oo, x = 27,

Since x — 27, we must have, given the particle moves only to the
right (assuming right is positive) that 0 < x < 2. Consequently, from

the result in (1), we have a priori
x=x(x—2) (#)

Now, for sufficiently small time t = &t after t = 0, we have the

following conditions holding simultaneously:

0<x<2 (1)
x>0 (2)
From (1), x — 2 < 0 and we need, by (2), that x > 0, so we take the
negative of (#):
x=—(x—-2)=2—-x

Part (ii) was not handled
well. Students needed to
first justify why the particle
was bounded in the interval
[0,2) forall t = 0, then use
this with initial conditions to
justify the conclusion

X =2-x.

This meant, students needed
to discuss both the effects
of x and X (first mark).

The second mark was
obtained using the
information now established
to show that we must have
only x = 2 — x as the
solution.

The depth of analysis here
was not required; depth is
provided for future
understanding.

Many students talked only
of x - 0 or X — 0 but not
both. Showing x — 0 only
without showing
acceleration decays to zero
means the system is left
open to a possible non-zero
acceleration if it reaches

x = 0, which means the
particle will only
momentarily stop before
moving off again.

Others saw velocity heading
to zero and negative
acceleration and claimed
SHM as a consequence, or
that the particle would start
to move back to the origin
after reaching 2. Those who
stated SHM then went on to
correctly derive the
displacement equation...an
equation containing no
sinusoids. Always check
your work to ensure




(iii) From (ii),

SO

dx 1 dt—fdt
dt 2—x

=>f dx —fdt
2—x

—log|2 —x|=t+C

Using the boundary conditions: x = 0 @ t = 0:
C =—log?2
So
—log|2 — x| =t —log2
Also,0 < x < 2,502 —x > 0, hence log |x — 2| = log(x — 2). We have

then
2
¢ =log(5=5)
giving
2—x
e t= 5
SO

consistency. If those who
made the SHM mistake had
done this, they could
possibly have corrected
their answer in this section.

Part (iii) was handled very
well in general.

First mark for correct
integration/general solution.

Second mark for using
boundary conditions to
specialise the equation and
make x the subject.

Candidates did not have to
justify that |2 — x| =2 — x
here since it was implied by
part (ii). That said, you
should always state why the
absolute value in the
argument of a logarithm
may be ignored.

Must have given the
conclusion in the form

x = x(t)
(i.e. not leave in the form
t = t(x) after integration)
since the question required
SO.
















Question 14

a)

0X = 0A + AX
= 0A + > (AB + iAB) 1 mark for recognising AX = 5 (AB + iAB)

1
=2a+ E(Zb + 2ib)
=2a+b+ib 1 mark for completing the proof.

Therefore X can be represented by 2a + b + ib

—— 1
ow = E(Za + i2a)

=a+ai

OY = OA + AB + BY
1
=2a+2b+5(2c+20i)
=2a+2b+c+icor—2d —c+ic

0Z=0A+AB+BC+CZ
1
=2a+2b+2€+z(d+id)
=2a+2b+2c+d+idor—d+id
WY = 0Y — OW

=2a+2b+c+ic)— (a+ai)
=(a+2b+c)+(c—a)ior(b—d)+ (c—a)i

XZ =07 — 0X

= (2a+2b+2c+d+id) — Qa+b+ib)
=Mb+2c+d)+(d—-b)ior(c—a)+ (d—Db)i

Method 1:

iXZ=((b-d)+ (b+2c+di

WY—iXZ=(a+2b+c)+(c—a)i—(b—d) — (b+2c+d)i
=(a+b+c+d)—(a+b+c+d)i

=0 (2a+2b+2c+2d=0=>a+b+c+d=0)

WY =iXZ
Therefore WY and XZ are equal in length and are perpendicular.



Method 2:

[WY| = I(a+2b+c) + (c — a)il
=|(b—d)+ (c — a)il (a+b+c+d=0)
= -d)?+ (c—a)
= (c—a)?+ (b—d)?
= [(c—a) + (d — b)il
=|(b+2c+d)+ (d-Db)il (a+b+c+d=0)

- |¥Z]

— — b—d\ (c—a

wr X2 =(,_0) (4= )
=b-d)(c—a)+(c—a)(d—-Db)
=b-d)(c—a)-(b—-d)(c—a)

=0

~WY LXZ

Therefore the intervals WY and XZ are perpendicular and equal in magnitude.

1 mark for working out one of W,Y or Z
1 mark for working out the remaining two of W,Y or Z

1 mark completing the proof



Test forn = 2:

= a,
-~ the statement is true for n = 2.

Assume the statement is true forn = k, k € Z, k > 1.
SQp-g < Qg

Testforn =k +1

RTP:a;, < ag4q

Method 1
1+ ay ai > ai_; (byassumption)
Ap+1 = ST a
k 2 + Ay > 2 + Ap_1
—q__1 11
2+ak 2+ak 2+ak_1
1
>1 - ~ 1 o 1
+ Q-1 2 + ag 2 + Ap—_1

_2+ak_1—1

2+ Ar_1
l1+a Note: The steps above should be shown,
k-1
= 2+ar, as it can be seen that the inequality sign
= a had to flip multiple times.

~ if the statement is true for n = k,thenitistrueforn =k + 1

= the statement is true for n > 1,n € Z by the principle of mathematical induction

1 mark for proving base case

1 mark for using the assumption appropriately in the proof

1 mark for progress towards the result after using the assumption

1 mark for completing the proof



Method 2
RTP: Ap41 — Qg >0
_ 1+ ag 1+ Ar_1

LHS_2+ak 2+ ap_q
A+ a)2+apq) -1 +a,-1)(2+ay)
- 2+ a)(2+ ax—y)
@A aq 20 + agagy) — 2+ ap + 2a5_1 + agag_q)
- 2+ a ) (2 + ax-y)
_ A — A1
T+ a2+ ag-y)
> L (by assumption)
2+ ap)(2 + ak-4)
=0
g < Qpyq

~ if the statement is true forn = k,thenitistrueforn =k +1

-~ the statement is true for n > 1,n € Z by the principle of mathematical induction

1 mark for proving base case

1 mark for using the assumption appropriately in the proof

1 mark for progress towards the result after using the assumption

1 mark for completing the proof

Any other method leads to a set of working out that gets you no where, hence no furhter marks
awarded after the base case.



Let 1 _a+bx+c
¢ x(1+x2) x 1+x2
Method 1:

a(l+x>)+(Bx+c)x=1
x=i=>-b+ci=1

Equating real component = b = —1
Equating imaginary component = ¢ = 0
ca(l+x?)—x2=1

x=1>2a-1=1

a=1

) 1 1 X
Tx(14x2) T 1+ x2
Method 2:

a(l+x?>)+(bx+c)x=1

a+ax®>+bx*+cx=1

(a+b)x’+cx+a=1

Equating the constantterm = a = 1

Equating the coefficient of x = ¢ =0

Equating the coeffiient of x? > a+ b =0=> b = —1 (since a = 1)
1 mark for working out one of the constants

1 mark for completing the rest of the proof.

tan~1x d 1
f dx = f—(——)tan‘lx dx
x2 dx\ x
3 tan~1x +j 1 p
a x x(1+ x2) x
B tan"1x +f(1 x )d
B X x 14+ x2 x

tan~!x 1 "
=-— +ln|x|—§ln|1+x|+C

1 mark for applying integration by parts correctly

1 mark for completing the rest of the answer.



n
Z(—l)"x" =1—-x+x2—x3+ -+ (-1)"
k=0

_ 10— (=™

1—(—) (sum of a geometric series with a = 1,7 = —x, of n + 1 terms)
_A=E=0"h
B 1+x
B 1 (_x)n+1
C1+4x 1+x
1 (_1)n+1xn+1
= - 1 k
1+x 1+x mar

xTL+1

T+ x > 0forx €[0,1] (The domain in which this is true MUST be a acknowledged!!)

1xn+1
f dx =0
o 1+x

LHS inequality proven. 1 mark

x€[0,1]=1+x€[1,2]

xn+1
T <x"tlforx € [0,1] (The domain in which this is true MUST be a acknowledged!!)
1 xn+1 1
f dx S.f x™ 1 dx
o 1+x 0
xn+2 1t
n+ 2 o
_ 1
T n+2

RHS inequality proven

lx‘n+1 1
=0 S_[ dx < 1 mark
o 1+x n+2



f ( 1)n+1 n+1 i

1+x
k=0
n (=1)kxk+1 1 ,n+1
;} 1 = [In|1 + x|]§ — (—1)"“.[0 T xdx 1 mark for integrating both sides
= 0
n
(—1)k 1 ,n+1
= 1 2 —(-1 Tl+1f
kzo e e e

Note: Many students integrated without limits and then subsituted x = 1 in,
doing that is not mathematically correct because you neglected the constant!
There was no penalty, but something to take note of.

Now,

1 ,n+1 1
0< f dx < (Proven in partii.)

o 1+x n+2
1 .,n+1
im0 < limj dx < lim
n—oo noo Jo 1+ x n-oon + 2

1,n+1
111_1)210 J; T % dx =0 (Squeeze Theorem)

Note: It is vital that student acknowledge we are trying to prove an equality statement,

1 1 xn+1
simply stating that because lim = 0, then J dx = 0 is insufficient.
n-con + 2 o 1+x
1 xn+1
You must acknowledge the sandwich theorem, or the equivalent idea,i.e.0 < f 1+ dx <0,
0
1 Xn+1
before making the conclusion that J dx =0
o 1+x

k+1 1 xn+1
Z - ) =1n2 — lim (—1)”+1f dx
n—)m

n—oo o 1+x

=In2-0

=1In2 1 mark for completing the proof
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{i) The equation of motion for the falling object is mv = mg — kv*. Terminal velogity is

reached when there is no more acceleration. Then v = =% — v, = |25, e

{in) when the object rises, the equation of motion is

mv = —myg — kv?

Then
dv
bl 2
me (mg + kv*)
m
—_———dv = —dt
mg + kv?
S0
m
E—— = — t ..
fmg + kv? v f at .. (1)
v
i &)
k 2
941+ (i‘i)
v'!.'
UT -1 v
=-—tan (-—) +C ‘/
Hence, by (1), g Yz
[ b
—tan~! (—) C=—
p ks t

Att =0,v =y, so

v, u
C=—-Ltan™! (——) .
g Yy /
v
= () )
g Vr Vr

When maximum height is reached, v = 0, so

= o () - (2)) < Zreanes (1) v

Hence

For Gi‘l) | ;/ ﬂ‘“’: Vse Al M}NVlj 7#4/4:«/: .
v - _ k‘/’\-— |

oo ool d nok be able do ol T
I g b o frined sl g w2
o el s erky /\Aj&vﬁfu/-

"

(e .




{iii) For maximum height, equation of motion again is

my = —mg — kv?
Then
dv = —(mg + kv?)
mvdx = —(mg + kv
S0
d
fmg+]cv2 f *
Now

J 4 _m 2kv d
mg + kv? Y myg + kv? v

. =5y lnlmg +kv?| 4 C
50
™ inlmg + kv?| + € = ‘/
o nlmg + k = —x

Atx=0,v=1u,s0

m
— 2
C= o In{mg + ku?)

___m] mg + ku? /
x—an

mg - kv?

Hence

Maximum height is reached whenv = 0, so

mg + ku?®
n=5n (")
k

= agr(1+ (5)) Y
v2 u?
=£1n(1+;g)

i

For ((0) Sanie neurwtk 7#—4&3—/)* v g
Flu wnyj -0,7/a/c/5 wt .



(iv) Now find the vetocity on impact. Re-initialise measurement as starting fromx = 0,
downward motlon is taken to be positive. Then the equatlon of motion when in freefau is:

_

mv = mg — kv?
$0

dv ;
my——=mg ep?
S0
myv
——dv =d
mg — kv? V=
S0
m —2kv
—————dv =4d
2k mg — kv? dv =.dx
Hence
—2kv _ kv fd
2k mg — mg — k2" X
——%lnlmg —kv¥|=x+C
Whenx =0,v =10, s0
-ln;ln(m Y==¢C
2k TN
So

_m _ b2
=% (In(mg) — Injmg — kv?])

m mg l
= —|In }——ma—m——
2k Img ~ kv?
Now, when v = 0, there is a net acceleration downward of +g, so object will move in that direction. As

il _ 2 2 mg ____( mg ) e
velocity increases, mg — kv* — 0, but alwaysmg > kv ,solm‘g_kv2 pp—— . Henc

2k ( mg )
—yx=In|l———
m mg — kv?

2k v} u? mg
m 29" (1 +E§) =l (mg — sz)

Velocity W atx = H is

S0
2
u
w2 1+—2' =u?
1%
s0
2..2 2
. wvp u
vZ+ur  1+ut/vi
S0

u

J1+u2/v2

with W > 0 since velomty is in the positive direction.






